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Course overview

Monday, July 6 Tuesday, July 7 Wednesday, July 8 Thursday, July 9 Friday, July 10
10.30 – 12.30 10.30 – 12.30 10.30 – 12.30 10.30 – 12.30

intro classic models additional models
Introduction to
Computability Machine Models Recursive Functions Lambda Calculus

computation and
decision problems,

from logic to
computability,

overview of models
of computation

relevance of MoCs

Post Machines,
typical features,

Turing’s analysis of
human computers,
Turing machines,

basic recursion theory

primitive recursive
functions,

Gödel–Herbrand
recursive functions,

partial recursive funct’s,
partial recursive =
= Turing-computable,

Church’s Thesis

λ-terms, β-reduction,
λ-definable functions,
partial recursive
= λ-definable
= Turing computable

imperative
programming algebraic programming functional

programming
14.30 – 16.30

Three more Models of
Computation

Post’s Correspondence
Problem,

Interaction-Nets,
Fractran

comparing
computational power
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Some Models of Computation
machine model mathematical model sort
Turing machine Combinatory Logic

classical

Post machine λ-calculus
register machine Herbrand–Gödel recursive functions

partial-recursive/µ-recursive functions
Post canonical system (tag system)

Post’s Correspondence Problem
Markov algorithms

Lindenmayer systems
Fractran less well known

cellular automata term rewrite systems

modern

neural networks interaction nets
logic-based models of computation
concurrency and process algebra

ς-calculus
evolutionary programming/genetic algorithms
abstract state machines

hypercomputation speculative
quantum computing

physics-/biology-
inspired

bio-computing
reversible computing
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Overview

▸ Post’s Correspondence Problem (by Emil Post, 1946, [6])

▸ Interaction Nets (by Yves Lafont, 1990, [4])

▸ Lambdascope (Vincent van Oostrom, 2003, [5])

▸ Lambdascope animation tool (Jan Rochel, 2010, [7])

▸ Compare computational power of models of computation

▸ Fractran (by John Horton Conway, 1987, [2])
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Emil Post

Emil Leon Post (1897–1954)
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Post’s Correspondence Problem (PCP)

Emil Leon Post:
▸ ”A Variant of a Recursively Unsolvable Problem”

Bulletin of the American Mathematical Society, 1946.

Instance of PCP:

I = {⟨g1, g′1⟩, . . . , ⟨gk, g′k⟩}, where k ≥ 1, gi, g′i ∈ Σ+ for i ∈ {1, . . . , k}.
Question: Is I solvable?

Do there exist n ≥ 1, and i1, . . . , in ∈ {1, . . . , k} such that:

gi1gi2 . . . gin = g′i1g
′
i2
. . . g′in ?

Theorem
Codings of solvable instances of PCP:

{⟨

PCP instance I
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
{⟨g1, g′1⟩, . . . , ⟨gk, g′k⟩ ∣ k ≥ 1, gi, g′i ∈ Σ+} ⟩ ∣ I is solvable}

form a set that is recursively enumerable, but not recursive.
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Typical features of ‘computationally complete’ MoC’s

▸ storage (unbounded)

▸ control (finite, given)

▸ modification

▸ of (immediately accessible) stored data
▸ of control state

▸ conditionals

▸ loop (unbounded)

▸ stopping condition
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Yves Lafont

Yves Lafont
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Interaction Nets

Yves Lafont (1990) [4] (link pdf) proposed:
▸ a programming language with a simple graph rewriting semantics

An interaction net is specified by:
▸ a set of agents
▸ a set of interaction rules

Analogy with:

▸ electric circuits:
▸ agents ∧

= gates,
▸ edges ∧

= wires

▸ agents as computation entities:

▸ interaction rules specify behavior
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Lambdascope [Vincent van Oostrom, K.J. van de Looij, M. Zwitserlood, 2003]

agents:

Note that using the extrusion rules, the first step of Exam-
ple 2, indeed factorises in the way which was displayed
above. In particular, note that S2 →λ 2 holds since 2 is
closed. Here a generalised λ-term t is closed if 0" t in the
following inference system (cf. [6]):

Si" 0
0

Si"St
S

i" t

i"λt
λ

Si" t

i" t1t2
@

i" t1 i" t2

The intuitive reading of the index i in a judgment i" t, read:
term t is well-formed under index i, is as the (number of)
variables bound by λs above this subterm.

Example 3 That 2 is indeed closed is witnessed by

0"λλ(S0)((S0)0)
λ

S0"λ(S0)((S0)0)
λ

SS0" (S0)((S0)0)
@

SS0"S0
S

S0" 0
0

SS0" (S0)0
@

SS0"S0
S

S0" 0
0

SS0" 0
0

As usual, any λ-term can be closed (made well-formed un-
der 0), by putting enough abstractions. Hence it is no re-
striction to prove our results for closed terms only and we
will do so. Moreover, we will abbreviate indices by natural
numbers in sans-serif e.g. SSS0 is abbreviated to 3.

3. From terms to nets

We present our translation of the namefree λ-terms to a
class of graphs known as interaction nets [9]. The signa-
ture of an interaction nets consists of symbols each having
a number of ports among which a designated principal port.
The interaction net signature we employ is

@

function
argument λ bind

body
i i

applicator abstractor delimiter duplicator eraser

where ◦s indicate ports and •s indicate principal ports, i.e.
ports along which a symbol may interact (see the rules be-
low). Here i ranges over arbitrary indices, making the sig-
nature infinite.
Apart from@ and λwhich will have the meaning one ex-

pects, the signature has symbols for explicitly representing
the different operations of the factorisation of β-reduction,
as presented in the previous section. In particular, the du-
plicator !i (share, fan) and the eraser " (garbage) will to-
gether serve to represent replication, as usual in graph im-
plementations of first-order rewriting. The delimiter $i rep-
resents the higher-order aspect of scope. By default, when

we do not write the index i for a duplicator or delimiter, it
is assumed to be 0.
Interaction nets are graphs the nodes of which are la-

belled by symbols of the signature, and the edges of which
connect to the ports of the (symbols of the) nodes. To every
port at most one edge may be connected. If no edge is con-
nected to a port, then the port is called free. A net is closed
if it does not have free ports.
The function # : Λ→IN mapping closed terms to closed

interaction nets is defined in two phases. First, a well-
formed term i" t is mapped to a net having i+ 1 free ports,
which is defined by induction and cases (0, S, λ, and @) on
the definition of well-formedness as:

i i! t

i

i

Si! t
i i

i

i! t1 i! t2

@λ

After that a "-node (the root) is connected to the free port.
Here a number i next to a slashed edge represents that in
fact the edge is a ‘bus’ consisting of i edges.

Example 4 The translation #(2) of 2 is recursively ob-
tained from the inference displayed in Example 3

@

@

λ

λ

Since the translation is uniform, it is on the one hand easy
to prove properties about, but on the other hand very in-
efficient: it generates many duplicator-eraser combinations
whose net-effect will be (see the reduction rules below) the
same as that of an edge. Removing these yields the net 2

basic rules:

=

@

λ

λ

@

useless duplicator-
eraser combo, and
result of removing
it from!(2)

where the north port of the second application has been ro-
tated to the west, in order to highlight the correspondence
between the interaction net representation of 2 and its syn-
tax tree, as displayed above.

4. Interaction net reduction

The intuitive meaning of the symbols in our interaction
net signature, as presented above, is operationalised by just
two rule schemes, for f ,g arbitrary but distinct, and a rule

. . .

. . .

. . .

f

. . .

. . .

. . .
n

. . .m

f ′f ′

. . .

m

n

. . .

f

annihilate commute

g
′

g
′

f g

disintegrate

λ. . . . . .
. . .. . .

@

where f ′ and g′ are either identical to or updates of the sym-
bols f and g, respectively. An update is an increment of the
index i (if any) of either symbol, which takes place iff the
other symbol is either λ or !j , with i ≥ j. Instances of the
two schemes are called x-rules.

Example 5 Annihilate, commute, and commute with up-
date, respectively, are exemplified by the following x-rules

1

11 λ

λ

1 1

Disintegration is only half of a rule; the rule Beta is defined
by post-composing it with an annihilation of its @:

λ

@

disintegrate annihilate

@

@

=

The set B of interaction rules which interest us is defined to
be the union of x and Beta (but not disintegrate).
Note that the effect of operators is indeed as expected:

the eraser acts as a garbage collector erasing anything it
can interact with; the duplicator acts as a copier duplicat-
ing anything it can interact with; the delimiter acts as an
extruder putting anything it can interact with into its scope.
All act locally in the sense that they affect one node at the
time. This restriction, which comes with the interaction net
framework, explains our use of indexed delimiters: roughly
speaking, the way in which the recursive definition of min-
imal lifting of the previous section is implemented, is to
record the superscript there as an index to the delimiter.

Example 6 We display only a few nets along the reduction
of 2 applied to itself, to B-normal form. The final net shown
is the normal form which is a representation of 4. How to
retrieve this term from the net is the topic of the next section.

xBeta

@

@

2

B

2
@

λ

λ

1 1

1 1 11

λ

2

@

λ

λ

@

2

@

λ

@@ @

5. From nets to terms

The function " : IN→Λ mapping closed nets to closed
terms is defined in three phases, each consisting of normal-
ising w.r.t. an action first and the x-rules next. (Without
touching the root-#.) This yields the syntax tree of a unique
(derivation of a) term, which is taken as the result of "(ν).
The three phases are named after their actions given by:

λ λ
S@ @

i

unwind loop cut

! P s

scope remove

Here the S is a new node type, the interaction of which is
governed by the x-rules, i.e. S behaves as a non-indexed!i.
After the unwinding action, both abstractions and appli-

cation have their north port as principal port. This makes
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! P s

scope remove

Here the S is a new node type, the interaction of which is
governed by the x-rules, i.e. S behaves as a non-indexed!i.
After the unwinding action, both abstractions and appli-

cation have their north port as principal port. This makes
Clemens Grabmayer Lecture 5: Three More Models
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Gradations of optimal reduction

Optimal reduction in λ-calculus avoids:
▸ unnecessary work
▸ duplication of work

calculus labelling graph rewriting sharing notion(rewrite relation) implementation

λ-calculus
(β-reduction →β) Lévy labelling ’78

Lamping ’89

context sharing

Kathail ’90
Abdadi/Gonthier/

/Levy ’92
Asperti/Guerrini ’93

VvO ’03 (Terese)
λ-calculus Blanc/Lévy/ Wadsworth ’71 extended-scope

(weak-β red. →wβ) Maranget ’05/’07 Shivers/Wand ’04 sharing
orthogonal TRS

VvO ’03 (Terese)
Staples ’80

subterm sharing(induced VvO ’03 (Terese)
rewrite relation →)
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agents:

Note that using the extrusion rules, the first step of Exam-
ple 2, indeed factorises in the way which was displayed
above. In particular, note that S2 →λ 2 holds since 2 is
closed. Here a generalised λ-term t is closed if 0" t in the
following inference system (cf. [6]):

Si" 0
0

Si"St
S

i" t

i"λt
λ

Si" t

i" t1t2
@

i" t1 i" t2

The intuitive reading of the index i in a judgment i" t, read:
term t is well-formed under index i, is as the (number of)
variables bound by λs above this subterm.

Example 3 That 2 is indeed closed is witnessed by

0"λλ(S0)((S0)0)
λ

S0"λ(S0)((S0)0)
λ

SS0" (S0)((S0)0)
@

SS0"S0
S

S0" 0
0

SS0" (S0)0
@

SS0"S0
S

S0" 0
0

SS0" 0
0

As usual, any λ-term can be closed (made well-formed un-
der 0), by putting enough abstractions. Hence it is no re-
striction to prove our results for closed terms only and we
will do so. Moreover, we will abbreviate indices by natural
numbers in sans-serif e.g. SSS0 is abbreviated to 3.

3. From terms to nets

We present our translation of the namefree λ-terms to a
class of graphs known as interaction nets [9]. The signa-
ture of an interaction nets consists of symbols each having
a number of ports among which a designated principal port.
The interaction net signature we employ is

@

function
argument λ bind

body
i i

applicator abstractor delimiter duplicator eraser

where ◦s indicate ports and •s indicate principal ports, i.e.
ports along which a symbol may interact (see the rules be-
low). Here i ranges over arbitrary indices, making the sig-
nature infinite.
Apart from@ and λwhich will have the meaning one ex-

pects, the signature has symbols for explicitly representing
the different operations of the factorisation of β-reduction,
as presented in the previous section. In particular, the du-
plicator !i (share, fan) and the eraser " (garbage) will to-
gether serve to represent replication, as usual in graph im-
plementations of first-order rewriting. The delimiter $i rep-
resents the higher-order aspect of scope. By default, when

we do not write the index i for a duplicator or delimiter, it
is assumed to be 0.
Interaction nets are graphs the nodes of which are la-

belled by symbols of the signature, and the edges of which
connect to the ports of the (symbols of the) nodes. To every
port at most one edge may be connected. If no edge is con-
nected to a port, then the port is called free. A net is closed
if it does not have free ports.
The function # : Λ→IN mapping closed terms to closed

interaction nets is defined in two phases. First, a well-
formed term i" t is mapped to a net having i+ 1 free ports,
which is defined by induction and cases (0, S, λ, and @) on
the definition of well-formedness as:

i i! t

i

i

Si! t
i i

i

i! t1 i! t2

@λ

After that a "-node (the root) is connected to the free port.
Here a number i next to a slashed edge represents that in
fact the edge is a ‘bus’ consisting of i edges.

Example 4 The translation #(2) of 2 is recursively ob-
tained from the inference displayed in Example 3

@

@

λ

λ

Since the translation is uniform, it is on the one hand easy
to prove properties about, but on the other hand very in-
efficient: it generates many duplicator-eraser combinations
whose net-effect will be (see the reduction rules below) the
same as that of an edge. Removing these yields the net 2

basic rules:

=

@

λ

λ

@

useless duplicator-
eraser combo, and
result of removing
it from!(2)

where the north port of the second application has been ro-
tated to the west, in order to highlight the correspondence
between the interaction net representation of 2 and its syn-
tax tree, as displayed above.

4. Interaction net reduction

The intuitive meaning of the symbols in our interaction
net signature, as presented above, is operationalised by just
two rule schemes, for f ,g arbitrary but distinct, and a rule
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. . .
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. . .m

f ′f ′

. . .

m

n

. . .

f

annihilate commute

g
′

g
′

f g

disintegrate

λ. . . . . .
. . .. . .

@

where f ′ and g′ are either identical to or updates of the sym-
bols f and g, respectively. An update is an increment of the
index i (if any) of either symbol, which takes place iff the
other symbol is either λ or !j , with i ≥ j. Instances of the
two schemes are called x-rules.

Example 5 Annihilate, commute, and commute with up-
date, respectively, are exemplified by the following x-rules

1

11 λ

λ

1 1

Disintegration is only half of a rule; the rule Beta is defined
by post-composing it with an annihilation of its @:

λ

@

disintegrate annihilate

@

@

=

The set B of interaction rules which interest us is defined to
be the union of x and Beta (but not disintegrate).
Note that the effect of operators is indeed as expected:

the eraser acts as a garbage collector erasing anything it
can interact with; the duplicator acts as a copier duplicat-
ing anything it can interact with; the delimiter acts as an
extruder putting anything it can interact with into its scope.
All act locally in the sense that they affect one node at the
time. This restriction, which comes with the interaction net
framework, explains our use of indexed delimiters: roughly
speaking, the way in which the recursive definition of min-
imal lifting of the previous section is implemented, is to
record the superscript there as an index to the delimiter.

Example 6 We display only a few nets along the reduction
of 2 applied to itself, to B-normal form. The final net shown
is the normal form which is a representation of 4. How to
retrieve this term from the net is the topic of the next section.

xBeta

@

@

2

B

2
@

λ

λ

1 1

1 1 11

λ

2

@

λ

λ

@

2

@

λ

@@ @

5. From nets to terms

The function " : IN→Λ mapping closed nets to closed
terms is defined in three phases, each consisting of normal-
ising w.r.t. an action first and the x-rules next. (Without
touching the root-#.) This yields the syntax tree of a unique
(derivation of a) term, which is taken as the result of "(ν).
The three phases are named after their actions given by:

λ λ
S@ @

i

unwind loop cut

! P s

scope remove

Here the S is a new node type, the interaction of which is
governed by the x-rules, i.e. S behaves as a non-indexed!i.
After the unwinding action, both abstractions and appli-

cation have their north port as principal port. This makes

annihilate commute

β-rule:

=

@

λ

λ

@

useless duplicator-
eraser combo, and
result of removing
it from!(2)

where the north port of the second application has been ro-
tated to the west, in order to highlight the correspondence
between the interaction net representation of 2 and its syn-
tax tree, as displayed above.

4. Interaction net reduction

The intuitive meaning of the symbols in our interaction
net signature, as presented above, is operationalised by just
two rule schemes, for f ,g arbitrary but distinct, and a rule
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where f ′ and g′ are either identical to or updates of the sym-
bols f and g, respectively. An update is an increment of the
index i (if any) of either symbol, which takes place iff the
other symbol is either λ or !j , with i ≥ j. Instances of the
two schemes are called x-rules.

Example 5 Annihilate, commute, and commute with up-
date, respectively, are exemplified by the following x-rules

1

11 λ

λ

1 1

Disintegration is only half of a rule; the rule Beta is defined
by post-composing it with an annihilation of its @:

λ

@

disintegrate annihilate

@

@

=

The set B of interaction rules which interest us is defined to
be the union of x and Beta (but not disintegrate).
Note that the effect of operators is indeed as expected:

the eraser acts as a garbage collector erasing anything it
can interact with; the duplicator acts as a copier duplicat-
ing anything it can interact with; the delimiter acts as an
extruder putting anything it can interact with into its scope.
All act locally in the sense that they affect one node at the
time. This restriction, which comes with the interaction net
framework, explains our use of indexed delimiters: roughly
speaking, the way in which the recursive definition of min-
imal lifting of the previous section is implemented, is to
record the superscript there as an index to the delimiter.

Example 6 We display only a few nets along the reduction
of 2 applied to itself, to B-normal form. The final net shown
is the normal form which is a representation of 4. How to
retrieve this term from the net is the topic of the next section.

xBeta

@

@

2

B

2
@

λ

λ

1 1

1 1 11

λ

2

@

λ

λ

@

2

@

λ

@@ @

5. From nets to terms

The function " : IN→Λ mapping closed nets to closed
terms is defined in three phases, each consisting of normal-
ising w.r.t. an action first and the x-rules next. (Without
touching the root-#.) This yields the syntax tree of a unique
(derivation of a) term, which is taken as the result of "(ν).
The three phases are named after their actions given by:

λ λ
S@ @

i

unwind loop cut

! P s

scope remove

Here the S is a new node type, the interaction of which is
governed by the x-rules, i.e. S behaves as a non-indexed!i.
After the unwinding action, both abstractions and appli-

cation have their north port as principal port. This makes
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agents:

Note that using the extrusion rules, the first step of Exam-
ple 2, indeed factorises in the way which was displayed
above. In particular, note that S2 →λ 2 holds since 2 is
closed. Here a generalised λ-term t is closed if 0" t in the
following inference system (cf. [6]):

Si" 0
0

Si"St
S

i" t

i"λt
λ

Si" t

i" t1t2
@

i" t1 i" t2

The intuitive reading of the index i in a judgment i" t, read:
term t is well-formed under index i, is as the (number of)
variables bound by λs above this subterm.

Example 3 That 2 is indeed closed is witnessed by

0"λλ(S0)((S0)0)
λ

S0"λ(S0)((S0)0)
λ

SS0" (S0)((S0)0)
@

SS0"S0
S

S0" 0
0

SS0" (S0)0
@

SS0"S0
S

S0" 0
0

SS0" 0
0

As usual, any λ-term can be closed (made well-formed un-
der 0), by putting enough abstractions. Hence it is no re-
striction to prove our results for closed terms only and we
will do so. Moreover, we will abbreviate indices by natural
numbers in sans-serif e.g. SSS0 is abbreviated to 3.

3. From terms to nets

We present our translation of the namefree λ-terms to a
class of graphs known as interaction nets [9]. The signa-
ture of an interaction nets consists of symbols each having
a number of ports among which a designated principal port.
The interaction net signature we employ is

@

function
argument λ bind

body
i i

applicator abstractor delimiter duplicator eraser

where ◦s indicate ports and •s indicate principal ports, i.e.
ports along which a symbol may interact (see the rules be-
low). Here i ranges over arbitrary indices, making the sig-
nature infinite.
Apart from@ and λwhich will have the meaning one ex-

pects, the signature has symbols for explicitly representing
the different operations of the factorisation of β-reduction,
as presented in the previous section. In particular, the du-
plicator !i (share, fan) and the eraser " (garbage) will to-
gether serve to represent replication, as usual in graph im-
plementations of first-order rewriting. The delimiter $i rep-
resents the higher-order aspect of scope. By default, when

we do not write the index i for a duplicator or delimiter, it
is assumed to be 0.
Interaction nets are graphs the nodes of which are la-

belled by symbols of the signature, and the edges of which
connect to the ports of the (symbols of the) nodes. To every
port at most one edge may be connected. If no edge is con-
nected to a port, then the port is called free. A net is closed
if it does not have free ports.
The function # : Λ→IN mapping closed terms to closed

interaction nets is defined in two phases. First, a well-
formed term i" t is mapped to a net having i+ 1 free ports,
which is defined by induction and cases (0, S, λ, and @) on
the definition of well-formedness as:

i i! t

i

i

Si! t
i i

i

i! t1 i! t2

@λ

After that a "-node (the root) is connected to the free port.
Here a number i next to a slashed edge represents that in
fact the edge is a ‘bus’ consisting of i edges.

Example 4 The translation #(2) of 2 is recursively ob-
tained from the inference displayed in Example 3

@

@

λ

λ

Since the translation is uniform, it is on the one hand easy
to prove properties about, but on the other hand very in-
efficient: it generates many duplicator-eraser combinations
whose net-effect will be (see the reduction rules below) the
same as that of an edge. Removing these yields the net 2

basic rules:

=

@

λ

λ

@

useless duplicator-
eraser combo, and
result of removing
it from!(2)

where the north port of the second application has been ro-
tated to the west, in order to highlight the correspondence
between the interaction net representation of 2 and its syn-
tax tree, as displayed above.

4. Interaction net reduction

The intuitive meaning of the symbols in our interaction
net signature, as presented above, is operationalised by just
two rule schemes, for f ,g arbitrary but distinct, and a rule
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where f ′ and g′ are either identical to or updates of the sym-
bols f and g, respectively. An update is an increment of the
index i (if any) of either symbol, which takes place iff the
other symbol is either λ or !j , with i ≥ j. Instances of the
two schemes are called x-rules.

Example 5 Annihilate, commute, and commute with up-
date, respectively, are exemplified by the following x-rules

1

11 λ

λ

1 1

Disintegration is only half of a rule; the rule Beta is defined
by post-composing it with an annihilation of its @:

λ

@

disintegrate annihilate

@

@

=

The set B of interaction rules which interest us is defined to
be the union of x and Beta (but not disintegrate).
Note that the effect of operators is indeed as expected:

the eraser acts as a garbage collector erasing anything it
can interact with; the duplicator acts as a copier duplicat-
ing anything it can interact with; the delimiter acts as an
extruder putting anything it can interact with into its scope.
All act locally in the sense that they affect one node at the
time. This restriction, which comes with the interaction net
framework, explains our use of indexed delimiters: roughly
speaking, the way in which the recursive definition of min-
imal lifting of the previous section is implemented, is to
record the superscript there as an index to the delimiter.

Example 6 We display only a few nets along the reduction
of 2 applied to itself, to B-normal form. The final net shown
is the normal form which is a representation of 4. How to
retrieve this term from the net is the topic of the next section.

xBeta

@

@

2

B

2
@

λ

λ

1 1
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λ

2

@

λ

λ

@

2

@

λ

@@ @

5. From nets to terms

The function " : IN→Λ mapping closed nets to closed
terms is defined in three phases, each consisting of normal-
ising w.r.t. an action first and the x-rules next. (Without
touching the root-#.) This yields the syntax tree of a unique
(derivation of a) term, which is taken as the result of "(ν).
The three phases are named after their actions given by:

λ λ
S@ @

i

unwind loop cut

! P s

scope remove

Here the S is a new node type, the interaction of which is
governed by the x-rules, i.e. S behaves as a non-indexed!i.
After the unwinding action, both abstractions and appli-

cation have their north port as principal port. This makes

annihilate commute

β-rule:

=

@

λ

λ

@

useless duplicator-
eraser combo, and
result of removing
it from!(2)

where the north port of the second application has been ro-
tated to the west, in order to highlight the correspondence
between the interaction net representation of 2 and its syn-
tax tree, as displayed above.

4. Interaction net reduction

The intuitive meaning of the symbols in our interaction
net signature, as presented above, is operationalised by just
two rule schemes, for f ,g arbitrary but distinct, and a rule
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where f ′ and g′ are either identical to or updates of the sym-
bols f and g, respectively. An update is an increment of the
index i (if any) of either symbol, which takes place iff the
other symbol is either λ or !j , with i ≥ j. Instances of the
two schemes are called x-rules.

Example 5 Annihilate, commute, and commute with up-
date, respectively, are exemplified by the following x-rules

1

11 λ

λ

1 1

Disintegration is only half of a rule; the rule Beta is defined
by post-composing it with an annihilation of its @:

λ

@

disintegrate annihilate

@

@

=

The set B of interaction rules which interest us is defined to
be the union of x and Beta (but not disintegrate).
Note that the effect of operators is indeed as expected:

the eraser acts as a garbage collector erasing anything it
can interact with; the duplicator acts as a copier duplicat-
ing anything it can interact with; the delimiter acts as an
extruder putting anything it can interact with into its scope.
All act locally in the sense that they affect one node at the
time. This restriction, which comes with the interaction net
framework, explains our use of indexed delimiters: roughly
speaking, the way in which the recursive definition of min-
imal lifting of the previous section is implemented, is to
record the superscript there as an index to the delimiter.

Example 6 We display only a few nets along the reduction
of 2 applied to itself, to B-normal form. The final net shown
is the normal form which is a representation of 4. How to
retrieve this term from the net is the topic of the next section.

xBeta

@

@

2

B

2
@

λ

λ

1 1

1 1 11

λ

2

@

λ

λ

@

2

@

λ

@@ @

5. From nets to terms

The function " : IN→Λ mapping closed nets to closed
terms is defined in three phases, each consisting of normal-
ising w.r.t. an action first and the x-rules next. (Without
touching the root-#.) This yields the syntax tree of a unique
(derivation of a) term, which is taken as the result of "(ν).
The three phases are named after their actions given by:

λ λ
S@ @

i

unwind loop cut

! P s

scope remove

Here the S is a new node type, the interaction of which is
governed by the x-rules, i.e. S behaves as a non-indexed!i.
After the unwinding action, both abstractions and appli-

cation have their north port as principal port. This makes
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agents:

Note that using the extrusion rules, the first step of Exam-
ple 2, indeed factorises in the way which was displayed
above. In particular, note that S2 →λ 2 holds since 2 is
closed. Here a generalised λ-term t is closed if 0" t in the
following inference system (cf. [6]):

Si" 0
0

Si"St
S

i" t

i"λt
λ

Si" t

i" t1t2
@

i" t1 i" t2

The intuitive reading of the index i in a judgment i" t, read:
term t is well-formed under index i, is as the (number of)
variables bound by λs above this subterm.

Example 3 That 2 is indeed closed is witnessed by

0"λλ(S0)((S0)0)
λ

S0"λ(S0)((S0)0)
λ

SS0" (S0)((S0)0)
@

SS0"S0
S

S0" 0
0

SS0" (S0)0
@

SS0"S0
S

S0" 0
0

SS0" 0
0

As usual, any λ-term can be closed (made well-formed un-
der 0), by putting enough abstractions. Hence it is no re-
striction to prove our results for closed terms only and we
will do so. Moreover, we will abbreviate indices by natural
numbers in sans-serif e.g. SSS0 is abbreviated to 3.

3. From terms to nets

We present our translation of the namefree λ-terms to a
class of graphs known as interaction nets [9]. The signa-
ture of an interaction nets consists of symbols each having
a number of ports among which a designated principal port.
The interaction net signature we employ is

@

function
argument λ bind

body
i i

applicator abstractor delimiter duplicator eraser

where ◦s indicate ports and •s indicate principal ports, i.e.
ports along which a symbol may interact (see the rules be-
low). Here i ranges over arbitrary indices, making the sig-
nature infinite.
Apart from@ and λwhich will have the meaning one ex-

pects, the signature has symbols for explicitly representing
the different operations of the factorisation of β-reduction,
as presented in the previous section. In particular, the du-
plicator !i (share, fan) and the eraser " (garbage) will to-
gether serve to represent replication, as usual in graph im-
plementations of first-order rewriting. The delimiter $i rep-
resents the higher-order aspect of scope. By default, when

we do not write the index i for a duplicator or delimiter, it
is assumed to be 0.
Interaction nets are graphs the nodes of which are la-

belled by symbols of the signature, and the edges of which
connect to the ports of the (symbols of the) nodes. To every
port at most one edge may be connected. If no edge is con-
nected to a port, then the port is called free. A net is closed
if it does not have free ports.
The function # : Λ→IN mapping closed terms to closed

interaction nets is defined in two phases. First, a well-
formed term i" t is mapped to a net having i+ 1 free ports,
which is defined by induction and cases (0, S, λ, and @) on
the definition of well-formedness as:

i i! t

i

i

Si! t
i i

i

i! t1 i! t2

@λ

After that a "-node (the root) is connected to the free port.
Here a number i next to a slashed edge represents that in
fact the edge is a ‘bus’ consisting of i edges.

Example 4 The translation #(2) of 2 is recursively ob-
tained from the inference displayed in Example 3

@

@

λ

λ

Since the translation is uniform, it is on the one hand easy
to prove properties about, but on the other hand very in-
efficient: it generates many duplicator-eraser combinations
whose net-effect will be (see the reduction rules below) the
same as that of an edge. Removing these yields the net 2

basic rules:

=

@

λ

λ

@

useless duplicator-
eraser combo, and
result of removing
it from!(2)

where the north port of the second application has been ro-
tated to the west, in order to highlight the correspondence
between the interaction net representation of 2 and its syn-
tax tree, as displayed above.

4. Interaction net reduction

The intuitive meaning of the symbols in our interaction
net signature, as presented above, is operationalised by just
two rule schemes, for f ,g arbitrary but distinct, and a rule
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where f ′ and g′ are either identical to or updates of the sym-
bols f and g, respectively. An update is an increment of the
index i (if any) of either symbol, which takes place iff the
other symbol is either λ or !j , with i ≥ j. Instances of the
two schemes are called x-rules.

Example 5 Annihilate, commute, and commute with up-
date, respectively, are exemplified by the following x-rules

1

11 λ

λ

1 1

Disintegration is only half of a rule; the rule Beta is defined
by post-composing it with an annihilation of its @:

λ

@

disintegrate annihilate

@

@

=

The set B of interaction rules which interest us is defined to
be the union of x and Beta (but not disintegrate).
Note that the effect of operators is indeed as expected:

the eraser acts as a garbage collector erasing anything it
can interact with; the duplicator acts as a copier duplicat-
ing anything it can interact with; the delimiter acts as an
extruder putting anything it can interact with into its scope.
All act locally in the sense that they affect one node at the
time. This restriction, which comes with the interaction net
framework, explains our use of indexed delimiters: roughly
speaking, the way in which the recursive definition of min-
imal lifting of the previous section is implemented, is to
record the superscript there as an index to the delimiter.

Example 6 We display only a few nets along the reduction
of 2 applied to itself, to B-normal form. The final net shown
is the normal form which is a representation of 4. How to
retrieve this term from the net is the topic of the next section.
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5. From nets to terms

The function " : IN→Λ mapping closed nets to closed
terms is defined in three phases, each consisting of normal-
ising w.r.t. an action first and the x-rules next. (Without
touching the root-#.) This yields the syntax tree of a unique
(derivation of a) term, which is taken as the result of "(ν).
The three phases are named after their actions given by:
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governed by the x-rules, i.e. S behaves as a non-indexed!i.
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Graph rewriting tool by Jan Rochel

graph rewrite tool on Hackage:

http://hackage.haskell.org/package/graph-rewriting-0.7.5

Clemens Grabmayer Lecture 5: Three More Models

http://hackage.haskell.org/package/graph-rewriting-0.7.5


course MoCs ov PCP features I-Nets L-scope how compare MoCs? abstract MoCs compare MoCs Fractran su MoCs course refs

Additional gradations of optimal reduction

calculus labelling graph rewriting sharing notion(rewrite relation) implementation

Lévy labelling ’78

Lamping ’89

context sharing

Kathail ’90
Abdadi/Gonthier/

/Levy ’92
λ-calculus Asperti/Guerrini ’93

(β-reduction →β) VvO ’03 (Terese)

? term/port graph scope sharingimplementation

? nested term graph extended scope
implementation sharing

λ-calculus Blanc/Lévy/ Wadsworth ’71 extended-scope
(weak-β red. →wβ) Maranget ’05/’07 Shivers/Wand ’04 sharing

orthogonal TRS
VvO ’03 (Terese)

Staples ’80
subterm sharing(induced VvO ’03 (Terese)

rewrite relation →)
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Comparing computational power via encodings

▸ Simulation of functions:
function f2 simulates function f1 via encoding ρ if:

D1 D2

D1 D2

ρ

ρ

M1

∀f1 ∈ F1

f1 f2

∃f2 ∈ F2

M2

▸ Simulation of models of computationM1 = ⟨D1,F1⟩,M2 = ⟨D2,F2⟩:

M2 can simulateM1 via ρ (M1 ≲ρM2), if:

∀f1 ∈ F1 ∃f2 ∈ F2 (f2 simulates f1 via ρ)
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Weak requirements on encodings (Boker/Dershowitz)

Traditional requirements on encodings are:
▸ informally computable/effective/mechanizable in principle
▸ computable with respect to a specific model (Turing machine, . . . )

Boker & Dershowitz [1]: want a ‘robust definition that does not itself depend
on the notion of computability’, and therefore suggest as encodings:

(i) injective functions

(ii) bijective functions

Definition (power subsumption pre-order [Boker/Dershowitz 2006 [1]])

(i) M1 ≲M2 if: there is an injective ρ such thatM1 ≲ρM2

(ii) M1 ≲bijectiveM2 if: there is a bijective ρ such thatM1 ≲ρM2
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Anomalies for decision models
However, we found anomalies of these definitions.

M= ⟨D,F⟩ is a decision model if {0,1} ⊆D, ∀f ∈F (f[D] ⊆ {0,1}).

Theorem (Endrullis/G/Hendriks, [3])

Let Σ and Γ with {0,1} ⊆ Σ,Γ be alphabets.
Then for every countable decision modelM= ⟨Σ∗,F⟩, it holds:

M ≲ DFA(Γ) M ≲bijective DFA(Γ)

TMD(Σ) : class of Turing machine deciders with input alphabet Σ

Anomaly (example)

TMD(Σ) ≲bijective DFA(Γ)

These anomalies for decision models and bijective encodings:

▸ depend on uncomputable encodings
▸ can be extended to some moc’s with unbounded output domain
▸ but do not extend to all moc’s
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Simulations between models of computation

models M1 ∈ M1 and M2 ∈ M2 simulate each other with respect to
computable coding ⌜⋅⌝ ∶ IM1 → IM2 and decoding ‘ ⋅ ’ ∶ OM2 → OM1 if:

⋆M 1

c2 ∈ ECM2
c1 ∈ ECM1

⋆M 2

αM1

ωM1

⌜⋅⌝

‘ ⋅ ’

αM2

ωM2

x1 ∈ IM1
x2 ∈ IM2

ωM1
(c1) ∈ OM1

ωM2
(c2) ∈ OM2

αM2
(x2) ∈ CM2

αM1
(x1) ∈ CM1

c2 ∈ ECM2
c1 ∈ ECM1

⋆M 2

αM1

ωM1

⌜⋅⌝

‘ ⋅ ’

αM2

ωM2

x1 ∈ IM1
x2 ∈ IM2

ωM1
(c1) ∈ OM1

ωM2
(c2) ∈ OM2

⋆M 1

αM1
(x1) ∈ CM1

αM2
(x2) ∈ CM2

(defines a Galois connection)
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Models of computation, viewed abstractly

A(n abstractly viewed) model of computation (MoC) is a classM of
machines/systems/. . . such that every M ∈ M it holds:

▷ M has a countable set IM of input objects, and a countable set
OM of output objects that are specific to the MoCM;

▷ M has a set CM of configurations of M , which contains the
subset ECM ⊆ CM of end-configurations of M ;

▷ M has an injective input function αM ∶ IM → CM , which maps
input objects of M to configurations of M ; αM is computable;

▷ M defines a one-step computation relation Z⇒M on the set CM ;
the transitive closure of Z⇒M is designated by Z⇒∗M ;

▷ M has a partial output function ωM ∶ ECM ⇀ OM, which maps
some end-configurations of M to output objects of M ;
ωM is computable, and membership of end-configurations
in dom(ωM) is decidable.
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Simulations between models of computation

models M1 ∈ M1 and M2 ∈ M2 simulate each other with respect to
computable coding ⌜⋅⌝ ∶ IM1 → IM2 and decoding ‘ ⋅ ’ ∶ OM2 → OM1 if:

⋆M 1

c2 ∈ ECM2
c1 ∈ ECM1

⋆M 2

αM1

ωM1

⌜⋅⌝

‘ ⋅ ’

αM2

ωM2

x1 ∈ IM1
x2 ∈ IM2

ωM1
(c1) ∈ OM1

ωM2
(c2) ∈ OM2

αM2
(x2) ∈ CM2

αM1
(x1) ∈ CM1

c2 ∈ ECM2
c1 ∈ ECM1

⋆M 2

αM1

ωM1

⌜⋅⌝

‘ ⋅ ’

αM2

ωM2

x1 ∈ IM1
x2 ∈ IM2

ωM1
(c1) ∈ OM1

ωM2
(c2) ∈ OM2

⋆M 1

αM1
(x1) ∈ CM1

αM2
(x2) ∈ CM2

(defines a Galois connection)
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Comparing Computational Power of MoC’s

Definition
LetM1 andM2 be MoC’s.

1 The computational power ofM1 is subsumed by that ofM2,
denoted symbolically byM1 ≤M2, if:

(∃a pair ⟨⌜⋅⌝, ‘ ⋅ ’⟩ of computable encoding and decoding func-
tions ⌜⋅⌝ ∶ IM1 → IM2 and ‘ ⋅ ’ ∶ OM2 → OM1

(∀M1 ∈ M1) (∃M2 ∈ M2)
[M1 and M2 simulate each other w.r.t. ⟨⌜⋅⌝, ‘ ⋅ ’⟩ ] .

2 The computational power ofM1 is equivalent to that ofM2,
denoted byM1 ∼M2, if bothM1 ≤M2 andM2 ≤M1 hold.
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Comparing Computational Power of MoC’s

Theorem
For all modelsM1 andM2, and encoding and decoding functions
⌜⋅⌝ ∶ IM1 → IM2 and ‘ ⋅ ’ ∶ OM2 → OM1 it holds:

M1 ≤⟨⌜⋅⌝,‘⋅’⟩M2 Ô⇒ F(M1) ⊆ { ‘ ⋅ ’ ○ f ○ ⌜⋅⌝ ∣ f ∈ F(M2) } .
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Turing completeness and equivalence

By TM(Σ) we mean the model of Turing machines over input
alphabet Σ.

Definition
LetM a model of computation.

M is Turing-complete if TM(Σ) ≤M for some alphabet Σ with Σ ≠ ∅.

M is Turing-equivalent ifM∼ TM(Σ) for some alphabet Σ ≠ ∅.
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John Horton Conway

John Horton Conway (1937–2020)

Clemens Grabmayer Lecture 5: Three More Models



course MoCs ov PCP features I-Nets L-scope how compare MoCs? abstract MoCs compare MoCs Fractran su MoCs course refs

Fractran

John Horton Conway:

▸ article:
▸ FRACTRAN:

A Simple Universal Programming Language for Arithmetic

▸ talk video:
▸ ”Fractran: A Ridiculous Logical Language”
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Summary

▸ Post’s Correspondence Problem (by Emil Post, 1946, [6])

▸ Interaction Nets (by Yves Lafont, 1990, [4])

▸ Compare computational power of models of computation

▸ Fractran (by John Horton Conway, 1987, [2])
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Some Models of Computation
machine model mathematical model sort
Turing machine Combinatory Logic

classical

Post machine λ-calculus
register machine Herbrand–Gödel recursive functions

partial-recursive/µ-recursive functions
Post canonical system (tag system)

Post’s Correspondence Problem
Markov algorithms

Lindenmayer systems
Fractran less well known

cellular automata term rewrite systems

modern

neural networks interaction nets
logic-based models of computation
concurrency and process algebra

ς-calculus
evolutionary programming/genetic algorithms
abstract state machines

hypercomputation speculative
quantum computing

physics-/biology-
inspired

bio-computing
reversible computing
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Course overview

Monday, July 6 Tuesday, July 7 Wednesday, July 8 Thursday, July 9 Friday, July 10
10.30 – 12.30 10.30 – 12.30 10.30 – 12.30 10.30 – 12.30

intro classic models additional models
Introduction to
Computability Machine Models Recursive Functions Lambda Calculus

computation and
decision problems,

from logic to
computability,

overview of models
of computation

relevance of MoCs

Post Machines,
typical features,

Turing’s analysis of
human computers,
Turing machines,

basic recursion theory

primitive recursive
functions,

Gödel–Herbrand
recursive functions,

partial recursive funct’s,
partial recursive =
= Turing-computable,

Church’s Thesis

λ-terms, β-reduction,
λ-definable functions,
partial recursive
= λ-definable
= Turing computable

imperative
programming algebraic programming functional

programming
14.30 – 16.30

Three more Models of
Computation

Post’s Correspondence
Problem,

Interaction-Nets,
Fractran

comparing
computational power
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