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Definition. Let R be a binary relation on a set A, that is, R ⊆ A ×A.

▸ The inverse or converse relation of R is R−1 ∶= {⟨y, x⟩ ∶ ⟨x, y⟩ ∈ R}.

▸ The equality relation = on A is denoted by = ∶= {⟨x, x⟩ ∶ x ∈ A}.

Definition. Let A be a set, and let R be a binary relation, and = be the equality
relation, on A. The well-known properties of reflexivity, symmetry, and anti-
symmetry, and the less well-known property of co-reflexivity, are defined for R
by the following stipulations:

▸ R is called reflexive if = ⊆ R .

▸ R is called co-reflexive if R ⊆ = .

▸ R is called symmetric if R−1 ⊆ R .

▸ R is called anti-symmetric if R ∩R−1 ⊆ = .

Theorem (room T-4.29). Let R be a binary relation on a set A. Then it holds:

R is co-reflexive ⇐⇒ R is symmetric and anti-symmetric.

Proof. For “⇒”, suppose that R is co-reflexive. Then R ⊆ = holds. Now it
follows that R is symmetric, because it is a subrelation of the equality relation
=. Furthermore it follows that R−1 ⊆ =−1 = =. This entails that (R ∩ R−1) ⊆
(= ∩ =) = =. Hence R is also anti-symmetric.

For “⇐”, suppose that R is symmetric and anti-symmetric. Then it holds
that R−1 ⊆ R and R ∩ R−1 ⊆ = . By the first statement (symmetry of R), we

find R = (R−1)
−1

⊆ R−1 ⊆ R , and hence that also R−1 = R holds. Then by
using this and the second statement (anti-symmetry of R), we conclude that
R = R ∩R = R ∩R−1 ⊆ = holds, which shows that R is co-reflexive.

Corollary. Let A be a set. The following two statements hold:

(i) The equality relation = on A is the largest binary relation on A that is both
symmetric and anti-symmetric.
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(ii) The equality relation = on A is the only binary relation on A that is re-
flexive, symmetric, and anti-symmetric.

Proof. For (i), let R be an arbitrary binary relation on A that is symmetric and
anti-symmetric. By the theorem it follows that R ⊆ =. Since = is symmetric and
anti-symmetric, it follows that = is indeed the largest binary relation on A with
these properties.

For (ii), suppose that R is a binary relation on A that is reflexive, symmetric,
and anti-symmetric. Again by the theorem it follows that R ⊆ =. Since by
reflexivity of R also R ⊇ = holds, it follows that R = =.
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