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Abstract

Process graphs that are interpretations of ‘1-free’ regular expressions in Milner’s process
semantics for regular expressions have the Loop Existence and Elimination Property (LEE).
Hereby a process graph satisfies LEE if the procedure of loop elimination, in which in every
step a loop subgraph is decoupled by removing its entry transitions and then garbage
collection is performed, terminates in a process graph without an infinite trace. Loop
elimination in finite process graphs is terminating, but typically not confluent.

We explain that loop elimination can be turned into a confluent rewrite system on all
process graphs by adding pruning steps that remove transitions to deadlocking states. For
this purpose we perform a critical-pair like analysis that involves bi-loop subgraphs, and use
the decreasing diagram method. This confluence result has two expedient consequences:
for finite process graphs, LEE can be decided in polynomial time, and a layered version of
LEE (no loops are eliminated from bodies of already eliminated ones) coincides with LEE.

We report on an aspect of work on the process semantics of regular expressions that concerns
a procedure for analysing the structure of process graphs by decomposition. Formalising this
procedure via rewrite relations helped us to clarify the situation. While the confluence result
that we describe here does not require new techniques, it has some tangible consequences.

1 Introduction

Starting from a formalisation of regular (finite-state) processes as u-terms, Milner (1984, [7])
defined an interpretation P of regular expressions e as regular processes P(e). The interpreta-
tions of 0, letters a, sums e; + eq, products e; - ea, and iterations e* are as follows: P(0) denotes
deadlock, P(a) performs a single action named “a” before terminating successfully, P(e; + e2)
chooses to continue as P(ey) or P(es), Pe; - es) executes P(ep), and upon its successful termina-
tion executes P(es), and P(e*) iterates P(e) (if it terminates successfully) arbitrarily often, but
with the option to terminate successfully before each iteration. For 0* we also use the constant 1
whose interpretation P(1) = P(0*) is the process that immediately terminates successfully. Based
on this interpretation, Milner then defined the process semantics [e]p of a regular expression e
as the bisimilarity equivalence class [P(e)]., of its process interpretation P(e).

Unlike for the language interpretation of regular expressions, in which every language that
is accepted by a finite-state automaton is the interpretation of a regular expression, not every
finite-state process is bisimilar to the process interpretation of a regular expression. There are
finite process graphs that are neither P-expressible (the interpretation of a regular expression)
nor [-]p-expressible (bisimilar to a P-expressible graph). In order to recognise, and reason
about [-]p-expressible graphs it was therefore desirable to characterise the structure of at least
the P-expressible graphs. For this purpose Fokkink and I formulated the Loop Existence and
Elimination Condition LEE [6], which checks the structure of a process graph by loop-elimina-
tion decomposition steps. These steps remove infinite-trace ‘loop subgraphs’, which correspond
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Figure 1: Three different — i, loop elimination sequences from the process interpretation
G = P(e) of the regular expression e = ((1-a)-(c-a+a-(b+b-a))*)-0. For every —¢jim step the
eliminated loop subchart is indicated by drawing its loop-entry transition(s) in boldface, and
colouring the area within its body. These rewrite sequences end in the normal form graphs G’
and G” neither of which permits an infinite trace. Therefore G = P(e) satisfies LEE. But as G
has two normal forms, — iy, is not confluent. However, a —prune step can join the — iy, fork.
We note that none of the vertices of the graphs above permit immediate successful termination.

to interpretations P(f*) of iterations f* for expressions f that are star-free and normed (i.e.,
P(f) has a trace to successful termination). Loop subgraphs are peeled off from a given graph G
one by one, as long as such steps are possible. If a normal form graph without an infinite trace is
found, then LEE holds for G, and otherwise it fails. See Fig. 1 for a graph G that satisfies LEE.
It can be shown (see [5]) that LEE characterises process interpretations of ‘under-star-1-free’
regular expressions (with restricted use of iterations within iterations), and that a generalisation
1-LEE [3] for graphs with 1-transitions (for empty steps) characterises process interpretations.
In Sect. 2 we recapitulate the loop-elimination rewrite relation — iy, and the property LEE.
Loop elimination steps can typically be performed in several ways, thereby ‘parsing’ a given
P-expressible graph G differently while intuitively synthesising from G different regular expres-
sions e with P(e) = G or P(e) & G. Typically — i, steps are not confluent, see Fig. 1 for an
example. Here we report that a confluent rewrite system can be obtained by adding — prunc steps
that remove transitions to deadlock states. Such transitions cannot be part of infinite traces
enabled by loop subgraphs, and therefore they do not hinder the applicability of — ;i steps.
In Sect. 3 we give an outline for why — i and —p,rune steps form a decreasing abstract
rewriting system. For this purpose we focus attention on a lemma concerning —.);,, forks. The
decreasing diagram method by van Qostrom [10, 9, 11] and de Bruijn then guarantees that
—elim U —prune is confluent. Finally in Sect. 4 we describe two significant consequences of this
result. First, that LEE can be decided in polynomial time, and second, that a restriction of
—elim for which only such loop subgraphs are eliminated whose start vertices are not in the body
of previously eliminated loops defines a specialisation LLEE of LEE that is equivalent with LEE.
The exposition here is supplemented in Appendix A with more details and some of the proofs.

2 Loop Elimination and Pruning

A (process) graph (with an immediate termination predicate) is a tuple G = (V, A, vs, —, )
that consists of a set V' of vertices, a set A of actions, a start vertex vs € V' (hence V # @), a
(labelled) transition relation — C V x AxV, and a predicate |} C V on the states that indicates
immediate termination. We write v; % v, for a transition (vi, a,v2) € —, and v| for a state
v € |} with immediate termination permitted, as well as v4 if v ¢ ||. We say that a vertex v € V
is start-vertex connected if there is a path from vs to v. We usually assume, with the exception
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of the definition of rewrite steps, graphs to be such that all vertices are start-vertex connected.

Let G = (V, A, vs, —, ) be a graph. We define the result of garbage collection in G based on
the subset Vj C V of vertices of G that are start-vertex connected as gc(G) := (Vp, A, v5, = N
(Vo x A x Vp),d NVp). Now let v € V. By Gl := gc((V, A, v, —,|})) we define the subgraph
of G at v that results from G by changing the start vertex to v, and then performing garbage
collection. Let again v € V| and additionally T' C (v—) := {(v, a,w) | (v, a, w) € —} be a set
of transitions from v in G. We define by G|27 := (Vo, A, v, T U (Vo\ {v}) x A x Vo), N Vp)
the generated subgraph of G from/until v with respect to T where Vy C V is the set of vertices
on traces in G that start in v, take a transition from 7', and then continue onwards as long as
possible but stop whenever v is reached again.

Definition 2.1 (loop graphs, loop subgraphs, bi-loops). Let G = (V, A, v, —,{}) be a graph.
We say that G is a loop (process graph) if it satisfies the following three conditions:

(L1) There is an infinite trace from the start vertex vs of G' (denoted by co(vs) and by co(G)).
(L2) Every infinite trace from the start vertex vs of G returns to vs.

(L3) Immediate termination is only permitted at the start vertex of G, i.e. v{l only if v = .

Then we call transitions from vs loop-entry transitions, and the other ones loop-body transitions.
By a loop subgraph of G (where G does not have to be a loop itself) we mean a generated
subgraph G127 of G from/until v € V with respect to T' C (v—) such that G|27 is a loop.
Let v1,v9 € V. We say that G is a bi-loop with respect to vy, vs if vs = v1 # vo, and G is a
start-vertex connected loop chart that remains a start-vertex connected loop chart if its start
vertex is changed to vg, that is, for each ¢ € {1,2}, G{% = (V, A, v;,—, ) (note the absence of
garbage collection) is a start-vertex connected loop chart.

Note that for a bi-loop G with respect to vy, vo it holds that G = G|, vs is reachable from
v1, and vy is reachable from vg, in each of G = G|%* and GJ%2. The following lemma states that
bi-loops can also be defined by three conditions similar to the loop chart conditions (L1)—(L3).

Lemma 2.2. Let B =(V, A, v, —, ) be a graph, and let v1,vo € V be such that vy # va.

Then B is a bi-loop with respect to v1,vs if and only if the following specialised variant of
the loop conditions (L1)—(L3) hold: (B1) there is an infinite trace from vy, (B2) every infinite
trace from vy wvisits vo before it visits v again, and every infinite trace from vo visits vy before
it visits vy again, (B3) no vertex of B permits immediate termination, i.e. v} for allv € V.

For defining decoupling depl(G, T') of sets T of transitions from G, and garbage collection
gc(G) in G, we let G = (V, A, vs, —, ) be a graph.

For a subset T' C — of transitions of G, we define the (result of) decoupling of T' from G as
the graph depl(G, T) := (V, A, v5, =\ T, |}) that results from G by removing the transitions in 7.

Definition 2.3 (loop elimination — iy, pruning —prune, union —,). We define loop elimina-
tion steps —relim, and pruning steps —pune between graphs G and G’ as follows:

G —elim G 1= FveVITC (v) [GH;T is a loop

(where G = (V, A, v, —, |})) A G" = ge(depl(G,T)) ],
G —prune G 1= Tt = (v,a,0) € = [(V =) =2 AV}
(where G = (V, A, v, —, 1)) A G = ge(depl(G, {t}))].

By an —,, step we mean an —.jin, step or a —prune step. We will also use —clim, —+prune, and
—rep as suggestive notation for an(y) abstract rewriting system (G, —) with G a set of graphs
that is closed under steps —, and with rewrite relation — € {—clim, —prune; —vep }-
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Figure 2: Prototypical bi-loop example justifying the elementary diagram (in the middle) for
joining an elimination step fork Ga <—cjim B —clim G1 in the critical-pair like case of eliminating
loop subgraphs with overlapping cyclic parts. The fork is joined by —ciim steps, and —prune
steps that ‘eat up’ the remaining bi-loop body: Go —elim Go1 —7 Go «<* G2 <elim G1-

prune prune

Example 2.4. In Fig. 1 we illustrate, for a graph G, three maximal —);,;, rewrite sequences,
and & —p,rune step that links the obtained — i, normal forms. For each — i step the set T'
of loop-entry transitions that define the decoupled loop subchart is indicated in boldface. Two
—elim steps from a bi-loop with respect to overlapping loop subgraphs are depicted in Fig. 2.

Proposition 2.5. — i, is not confluent. (See Fig. 1 for a counterexample to confluence.)

Definition 2.6 (LEE). We say that a process graph G satisfies the loop existence and elimi-
nation property LEE, denoted by LEE(G), if G has an —j;,,, normal form graph that does not
enable an infinite trace. More formally, we stipulate:

LEE(G) = HGO((G %:Iim GO 7L>elim) A _‘OO(GO)) .

Lemma 2.7. On finite process graphs, —cp = —clim U —prune 15 terminating.

3 Loop Elimination with Pruning is Confluent

While the motivation for loop elimination stems from finite process graphs, we prove confluence
of —,, for all process graphs, including infinite ones. In order to obtain confluence of —, on
only finite graphs it would suffice to show local confluence of —, (follows from Lem. 3.2 below),
because Newman’s lemma can be applied due to termination of —, in that case (Lem. 2.7).
But we obtain confluence of —, on all graphs by showing that —., = —clim U —prunc iS
decreasing, and by appealing to the Decreasing Diagram Theorem [10, 9]. Only the case of
finding elementary diagrams for — i, forks is non-trivial. We formulate that case as Lem. 3.1
below. It bears a similarity with critical pair lemmas in term rewriting theory. For the crucial
case of eliminating non-root overlapping loop subgraphs we illustrate a typical example in Fig. 2.

Lemma 3.1 (joining — iy forks). Let G <ciim G —elim G1 be a fork of —ciim steps in which

the loop subgraphs G vz and LT of G are eliminated, respectively.
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Figure 3: Elementary diagrams for showing that (G, {—¢}se{clim,prunc}), for a set G of graphs
that is closed under — i,y and —prune, is an abstract rewriting system that is decreasing with
respect to precedence order prune < elim. That these elementary diagrams are decreasing is
indicated by the dash-dotted trace relation arrows.

Then this —cim fork can be joined appropriately with —,.une steps towards a graph Gy in
the following three mutually exclusive, and exhaustive situations:

(i) Root-overlap: v = v, and both loops are contained in the loop G v TUTe g —elim

steps may overlap in their loop-entry transitions, but the fork can always be joined by

eliminating residual loop-entries as follows: G =7+ =7 une GO < hrune * < olim G1-
(ii) Parallelénested vy # vy, and the start-vertex connected cyclic parts O(GL2™) and

O(GL272) of the loops are vertex-disjoint. Then the —qim steps are independent of each
other, except that the elimination of one loop may eliminate the other in the garbage
collection operation. The fork can always be joined as follows: Gy —5. Gy <., G1.
(iii) Non-root overlap (see Fig. 2): vy # va, the start-vertex connected cyclic parts O(G%™),
and O(G iz’TZ) have common vertices. The two loops together form a bi-loop w.r.t. vi,vs.
By removing possibly remaining loop-entries at vo after the step G —ciim Go, and at vq
after the step G —cim G1, and then removing all transitions of the bi- l()op with %pmno
steps, the fork can always be joined as follows: G —3,, - =5 une Go 5 Gy.

lim prune

elim elim

prune elnn

Lemma 3.2. —, is (locally) decreasing with respect to the family {—¢}re{clim,pruncy of rewrite
relations, with the precedence order prune < elim.

Proof. In Fig. 3 we illustrate the full set of elementary diagrams for the abstract rewriting
system with the family {—/}sceiim,prune} Of rewriting relations.

The leftmost elementary diagram follows from the analysis of the three possible, mutually
exclusive cases for — i, forks in Lem. 3.1. It describes the joining steps in the cases (i) and (iii)
in Lem. 3.1, encompassing the situation in easier case (ii). The second elementary diagram in
Fig. 3 concerning joining <—prune - —clim forks by subcommutation of the two involved steps is
due to the fact that transitions to deadlock states which are removed in — . une steps cannot be
part of the infinite traces in the cyclic parts of loop subgraphs. The third elementary diagram in
Fig. 3 expresses commutation of —p.une steps: if the two —p,.une steps coincide, then they have
the same targets, which are joined by empty steps; if the steps are different, then they commute.

All of these diagrams are decreasing with respect to the precedence order prune < elim of
reduction labels, as witnessed by the trace relation indicated by arrows in Fig. 3. O

Theorem 3.3. —., = —ciim U —prune 5 confluent.

Proof. From the fact that — ., is decreasing by Lem. 3.2 it follows by the Decreasing Diagrams
Theorem (see [10, Cor. 3.9], [9, Thm. 14.2.8], [L1, Thm. 1]) that —, is confluent. O
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Corollary 3.4. When restricted to finite graphs, —ep = —elim U —prune 15 complete (that is,
—ep confluent and terminating).

Corollary 3.5. Every finite graph has a unique —., normal form graph.

4 Consequences

From confluence of —;, by Thm. 3.3 we obtain the following corollary by utilising basic rewriting
properties of —¢lim and —prune that are easy to establish: — . un. postpones over — iy, and
—prune Steps preserve as well as reflect — i, normal forms, and the properties co(-) and —oo(-).

Corollary 4.1. For every finite process graph G the following statements are equivalent:
(i) LEE(G), that is, there is an — . normal form of G without an infinite trace.
(i) The (by Cor. 3.5) unique — ¢, normal form of G does not enable an infinite trace.
(iii) Every —cim normal form of G does not enable an infinite trace.

Now Cor. 4.1, (i) < (iii), entails that we can verify LEE(G), for every finite graph G, simply
by constructing an arbitrary — .}, rewrite sequence to a normal form Gy, and then confirming
whether —00(Gg) holds; if the test fails, we can conclude "LEE(G). As —.ji,, rewrite sequences
to normal form and the test are implementable in polynomial time, we obtain the next theorem.

Theorem 4.2. For finite graphs, LEE is decidable in PTIME with the graph size as input size.

For extracting regular expressions e with P(e) & G from —.ji, rewrite sequences that
witness that a graph G satisfies LEE(G) it is expedient to only use ‘layered’ loop elimination
2 elim steps. In such steps, loops are never eliminated from bodies of already eliminated ones.
Defining 2y elim requires history awareness, which can be formalised by vertex-marked versions
°G of graphs G in which the vertices in the body of already eliminated loops are marked.

Definition 4.3 (LLEE). A graph G has the layered loop existence and elimination property
LLEE, denoted by LLEE(G), if G has an 2 i normal form graph without an infinite trace:

LLEE(G) = El.GO( ( G i>:':lim .GU %clim ) A _'OO(.GO)) .
Theorem 4.4. LLEE coincides with LEE.

*

Proof (Idea). For every sequence °G 7, °G from an initially unmarked graph °G it holds that
every —.lim step from °G that does not correspond to an im;m step gives rise to an imim step
from °Gy: the two steps eliminate overlapping loops in the same bi-loop, see Lem. 3.1, (iii). O

5 Conclusion

Three further questions that came up during our work on the confluence of —,, and its
consequences are the following: (1) While a rough estimate (cf. version with appendix) of the
complexity of deciding LEE according to Thm. 4.2 yields LEE € O(|G|?), there is much room for
improvement. How fast can an algorithm for implementing —j;,,,, and deciding LEE be? (2) We
want to analyse systematically how, for a graph G with LEE, any two regular expressions e, €3
with P(e;) = P(e2) = G that can be extracted from two maximal — i, rewrite sequences from G
(see [6, 2, 4]) can be proved equivalent with respect to [-]p. (3) Just as postponement of i,
OVer —elim 1S closely connected to confluence of —, (Thm. 3.3), we wonder how the decreasing
diagram method (perhaps in its ‘converted’ version by van Oostrom [11]) can best be adapted
in general for showing postponement of a family of rewrite relations over another family.

'In the meantime van Oostrom referred me to his IWC 2020 article [12], in which he explains the relationship
between commutation of rewrite relations and their factorisation, which depending on the relations’ order is also
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A Appendix

In this appendix we supplement the exposition in the extended abstract with some more details.
Hereby the four subsections A.1-A.4 refer to the four sections 14 in the extended abstract.

A.1 Supplements for Section 1

The example below concerns the passage in the Introduction: “There are finite process graphs
that are neither P-expressible (the interpretation of a regular expression) nor [-]p-expressible
(bisimilar to a P-expressible graph).”

Example A.1 (not [-]p-expressible graphs, with failure of LEE). Milner proved in [7] that
the graph G below is not only not P-expressible (i.e. G is not the process interpretation of a
regular expression) but that it is also not [-]p-expressible (i.e., G; is also not bisimilar to the
process interpretation of a regular expression). Bosscher showed later in [1] that the graph G
below is also not [-]p-expressible.?

bl [

Gl \ﬁ G2 /CL\L
- CT . b2 - ©K_/©
b

2 o

Above, and in all of our pictures the start vertex of a process graph is highlighted by a brown
arrow - , and a vertex v with immediate termination is emphasised in brown as @ including a
boldface ring. G; and G5 witness the incompleteness of the process semantics [-]p with respect
to finite-state processes. This contrasts with completeness of the language semantics of regular
expressions with respect to regular languages, which means that every language that is accepted
by a finite-state automaton is the language interpretation of some regular expression.

Neither of G; and G5 satisfies LEE, because both process graphs do not contain loop
subgraphs. In G1, every transition from a vertex v in (G; enables an infinite trace that does not
return to v (see an example in red), which creates violations of (L2) for generated subgraphs
from and until v. In G5, every infinite trace from one vertex in G visits the other, which
permits immediate termination, thereby violating (L3) for the only possible loop candidate, Go
itself. Therefore G; and G5 are — )i, normal forms. As both graphs enable infinite traces,
00(G1) and co(G2) holds, entailing —“LEE(G;) and —LEE(G5).

A.2 Supplements for Section 2

We start with some more definitions of concepts for graphs. Let G = (V, A, v5, —, ||) be a graph.
We introduce the convention of notation, concerning a graph G’ that we have not fixed by
its defining tuple (like G above), to refer by V(G’) to its set of vertices.

2For G2 this also follows from the necessary condition for graphs to be [-]p-expressible that Milner showed
and used to recognise G as not [-|p-expressible in [7]: Infinite star-behaviours always have a ‘loop’ (in Milner’s
weaker sense) derivative. Yet bot G1 and G2 have infinite traces but do not have a loop derivative (also not)
in Milner’s sense. However, Milner uses a variant graph G of G with additional selfloops with different labels
say ¢ and d at the two vertices. Showing that such a variant G, of G2 is not [-]p-expressible, neither, is more
difficult, but Bosscher succeeded in doing so in [1].
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Figure 4: Four process graphs (action labels ignored) that violate at least one of the loop graph
conditions (L1), (L2), and (L3), then a loop graph LG, and finally a loop subgraph LG5 of LG.

We call the graph G finite if its sets of vertices and actions are finite (then also its set of
transitions is finite). For a finite graph G as above we define its size by |G| := |V| + |—/|, that
is, as the sum of the cardinality of its vertices and the cardinality of its transitions.

By a trace from v in G we mean a finite or infinite sequence (vg, a1, v1,as,...) that consists
of vertices alternated with actions of G with vg = v, and vg,v1,v2,... € V and a1,as,... € A
so that a transition sequence v = vy — v; — ... from v in G is represented. By a path from
v in G we mean a finite or infinite sequence (vg,v1,...) of vertices that results from a trace
(vo,a1,v1,as,...) from v in G by dropping the actions of transitions.

We denote by oco(v) (resp. by —oo(v)) that there is an infinite trace from v in G (resp. that
there is not an infinite trace from v in G).

Let v € V. By Gl% := gc((V, A,v,—,|})) we define the subgraph of G at v that results from
G by changing the start vertex to v, and then performing garbage collection.

We also recapitulate the definition of generated subgraphs from and until given vertices.

Let v € V be a vertex. We denote by (v—) := {{v, a, w) | (v, a,w) € —} the set of transi-
tions from v in G. Now let v € V, and T C (v—) C — be a set of transitions from v in G.

We define the generated subgraph of G from and until v with respect to T by G vl =
Vo, A, 0, T U (Vo\{v}) x A x V),J NVy) where Vj C V is the set of vertices on traces in G
that start in v, take a transition from 7', and then continue onwards as long as possible but
stop whenever v is reached again. Note that G|%7 is start-vertex connected by the definition
of V.

Definition (= Def. 2.1 on loop graphs, loop subgraphs, bi-loops). Let G = (V, A, vs, —, {|) be
a graph. We say that G is a loop (process graph) if it satisfies the following three conditions:
(L1) There is an infinite trace from the start vertex vs of G, i.e. co(vs) holds.

(L2) Every infinite trace from the start vertex vs of G returns to vs.

(L3) Immediate termination is only permitted at the start vertex of G, i.e. v{ iff v = vs.

Then we call transitions from vs loop-entry transitions, and the other ones loop-body transitions.
By a loop subgraph of G (where G does not have to be a loop itself) we mean a generated

subgraph GJ,ZJT of G from/until v € V with respect to T'C (v—) such that Gfi’T is a loop.
Let v1,v9 € V be such that v; # va. We say that G is a bi-loop with respect to vy, vy if

Giv*l’mﬁ), Gﬂz’@z %>, and G differ at most with respect to their start vertices vy, vg, and v.
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Example A.2. In Fig. 4 we illustrate four non-examples for loop graphs, each of which violates
one of the loop conditions (L1), (L2), or (L3), and furthermore an example of a loop graph,
and of a loop subgraph.

Remark A.3 (paths suffice to define loops, and LEE). Since in the defining clauses (L1)-(L3)
of loop graphs the actions on the assumed traces in the graph do not play any role, the use of
‘infinite trace’ in (L1) and (L2) (and thus everywhere in Def. 2.1) can be replaced by ‘infinite
path’ everywhere. It follows that the action labels in graphs are therefore also irrelevant for
the definition of the property LEE in Def. 2.6. As a consequence, LEE can be understood as a
property of the path structure of process graphs.

Lemma (= Lem. 2.2). Let B = (V, A,vs, —, ) be a graph, and let v1,v3 € V be s.th. v1 # va.

Then B is a bi-loop with respect to v1,vs if and only if the following specialised variant of
the loop conditions (L1)—(L3) hold: (B1) there is an infinite trace from vy, (B2) every infinite
trace from vy wisits vy before it visits v1 again, and every infinite trace from vy visits v before
it wvisits vy again, (B3) no vertex of B permits immediate termination, i.e. v{ for allv € V.

Proof. For the proof we use the abbreviations LGy := Bﬁl’wl_)) and LGy := Bﬂz’(”_)).

For proving the ‘if” part of the bi-implication in the lemma we assume that B satisfies the
bi-loop conditions (B1), (B2), and (B3). We have to show that LG; and LG> satisfy the loop
conditions (L1), (L2), and (L3).

The condition (L1) for LG, coincides with (B1). Since there is an infinite trace 7 from vy
due to (B1), which due to (B2) must pass through vy, there is also an infinite trace 72 from wvs.
This shows (L1) for LGs.

For verifying the condition (L2) for LGy, let 71 be an infinite trace from v;. We have to show
that 7 returns to v1. By (B2) 7 visits vy before (if so) returning to v;. Let 72 be the (infinite)
part of 71 after first visiting vo. Then it follows again by (B2) that 7 must visit v; (before it
may return to vy again). But that means that 71, of which 75 is an infinite final segment, must
return to vg, just what we had to show. For LG> the condition (L2) can be argued analogously.

For verifying the condition (L3) for LGy we have to show that v4 holds for all vertices v # vy,
and for verifying (L3) for LGy we have to show that v} holds for all vertices v # vy. Since
v1 # vg, we must therefore show that v} holds for all vertices v € V' of B. That, however, is
just the bi-loop condition (B3) that we have assumed.

For showing the ‘only if’ part of the bi-implication in the lemma, we assume that B is a
bi-loop. That is, LGy and LGy are loops, and furthermore, LGy, LGs, and G differ at most
with respect to their start vertices vy, ve, and v. We have to show the bi-loop conditions (B1),
(B2), and (B3) for B.

The condition (B1) for B follows directly from (L1) for LG.

For showing (B2) for B we have to prove that every infinite trace from vy visits vy before
(perhaps) returning to vy, and that every infinite trace from vo visits v1 before (perhaps) return-
ing to vo. We only argue for the first part, because the second can be established analogously.

For showing the first part, we argue indirectly, and assume that there is an infinite trace
71 in B from vy that does not visit v5. We will derive a contradiction to our assumptions, the
loop conditions for LGy and LGs. Since LG and LGs have the same vertices, vy is a vertex
of LGy, and since LGy, = B 12’<”2_>> is start-vertex connected to its start vertex wvs, there is a
finite trace o1 from wvo to v;. We may assume that 797 visits vo only at its start, and so does
not return to ve before its end in wvy; otherwise we take an initial segment with that property
of the trace that we picked. But now the infinite trace in B defined by 7 := 791 -7y - 7y - ...,
which repeats 71 infinitely often, visits, by its construction from 791 (which visits vy only at the



Loop Elimination in Process Graphs is Confluent when Pruning Steps are Added C. Grabmayer

start) and 71 (which does not visit ve at all), vy only at the start, but does never return to it.
This trace 7, however, now violates the loop condition (L2) for LGy (that infinite traces from
vy always return to vy eventually) since it also is a trace in LGy = B¢';2’<”ﬁ>. We have reached
a contradiction with our assumptions. As this contradiction cannot stand, we conclude that
every infinite trace from v; must visit vy before returning to v .

For showing the condition (B3) for B we have to show that v} holds for all v € V. Now
since LG, and LGs are loops with the same set V' of vertices, it follows from (L3) for LGy that
v for all vertices except for vy, and from (L3) for LGy that v} for all vertices except for wvs.
Therefore v4 holds indeed for all v € V. O

Lemma (= Lem. 2.7). On finite process graphs, —ep = elim U —Pprune 18 terminating.

Proof. In every —cjim OF —prunc Step on a finite graph the graph size decreases by at least 1, be-
cause one transition is removed (decoupled or pruned) in any case, and possibly more transitions
and/or vertices become unreachable and are removed afterwards by garbage collection. O

A.3 Supplements for Section 3

Definition A.4 (start-vertex connected cyclic graph part). Let G = (V| A, v, —, {}) be a graph.

By the start-vertex connected cyclic part O(G) of G we mean the graph that consists of all
vertices and transitions of G that are bi-connected with the start vertex vy (with traces from g
and traces to vs), and that is defined by:

O(G) = (O(V), 4,15, = N (O(V) x Ax O(V)), I N OV)),
where: O(V) = {v €V |vs =5 v =& 15} (—¢ means a step via a transition of G).

Hereby we mean by saying that two vertices vi, v € V are bi-connected in G if vi =, v2 =5 v1
holds, that is, if there are traces from vy to v and from wvs to vy.

For Lem. 3.1, which provides a complete overview of — i, forks and how they can be joined,
we here only explain the crucial argument underlying joining — i, forks in its case (iii). That
case concerns loop subgraphs with overlapping start-vertex connected cyclic parts. The reason-
ing for this situation flows forth from the following lemma. It states that loop subcharts with
vertex-overlapping cyclic parts together form a bi-loop subgraph.

Lemma A.5. Let G = (V, A vs,—, ) be a graph. Let vi,vs € V with vy # vy be two different
vertices of G, and let Ty C (v1—) and To C {vo—) be sets of transitions from vy and vy such that
the generated subgraphs GLT’TI and fo’Tz are loop subgraphs of G. Suppose further that for
the start-vertex connected cyclic parts OGS, and O(GL2™?) it holds that V(O(GL2™)) N
V(O(GL2™)) # @, that is, these parts have vertices in common.

Then the subgraphs G2 at vi, and G2 at vs are bi-loops with respect to vy,vs, and with
respect to v, vy, which furthermore differ only by their start vertices v1 and vs.

Proof (Sketch). We can pick a vertex v € V(O(GL2™) N V(O(G2™)) # @. Then v, —%
v =& v and vp = v = ¢ v follows, that is, v is bi-connected with v; and with v,. It follows
that the start-vertex connected, cyclic part O(GJ%) of G{%* (the subgraph of G at v1), and in
the start-vertex connected, cyclic part O(GJ%2) of G2 (the subgraph of G at vy) are non-empty,
and that every vertex in either of them is bi-connected with each of v, vy, vg. Therefore G9!
and GJ%? encompass the loop subcharts G vTi and G272, Furthermore they only differ with
respect to their start vertex. Crucially, it can be shown that G|}! and GJ%? are themselves loop
subcharts of G. From this now Lem. 2.2 implies that G]* and GJ]*? are bi-loops that differ
only with respect to their start vertices v; and vs. O
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Lemma (= Lem. 3.2). —, is (locally) decreasing with respect to the family {—¢}re{clim pruncy
of rewrite relations, with the precedence order prune < elim.

Proof (slightly extended version). The full set of elementary diagrams for the abstract rewriting
system with the family {—¢}seclim, prune} Of rewriting relations is illustrated in Fig. 3. All of
these diagrams are decreasing with respect to the precedence order prune < elim of reduction
labels, as witnessed by the trace relation indicated by arrows in Fig. 3. Thereby the precedence
order is only used for recognising that the first elementary diagram is decreasing.

This first elementary diagram in Fig. 3 concerns —.;,, forks, and is based on the analysis of
the three possible, mutually exclusive cases for —j;,, forks that is stated by Lem. 3.1. Indeed
it corresponds to the most general joining steps in the cases (i) and (iii) in Lem. 3.1.

The second elementary diagram in Fig. 3 concerning joining ¢—prune - —clim forks by sub-
commutation of the two involved steps is due to the fact that transitions to deadlock states
which are removed in —.une steps cannot be part of the infinite traces in the cyclic parts of
loop subgraphs. Therefore every Go —ciim G1 has, after a step Go —prune G, a residual step
G{) —elim G% such that furthermore Gy — Drune GY holds.

The third elementary diagram in Fig. 3 concerning —,une forks is easy to understand for
the following reason: if the two —,une steps coincide, then they have the same targets, which
are joined by empty steps; if the steps are different, then they commute. O

Theorem (= Thm. 3.3). —., = —alim U —orune 48 confluent.
I I

Proof. From the fact that — ., is decreasing by Lem. 3.2 it follows by the Decreasing Diagrams
Theorem (see [10, Cor. 3.9], [9, Thm. 14.2.8], [11, Thm. 1]) that —, is confluent. O

Corollary (= Cor. 3.4). —cp = —relim U —prune @5 complete (confluent and terminating).
Proof. Follows from Thm. 3.3 on confluence of —;,, and Lem. 2.7 on termination of —.,. [
Corollary (= Cor. 3.5). Every finite graph has a unique —, normal form graph.

Proof. Follows from confluence of —, due to Thm. 3.3 in view of that confluence implies
uniqueness of normal forms in abstract rewrite systems. O

A.4 Supplements for Section 4
We provide a number of proofs of the results in Sect. 4, and sketch the main ideas of others.

The basic rewrite properties of —cjim and —prune that we mentioned right before Cor. 4.1
are formulated in the lemma below.

Lemma A.6. The following statements hold:

(Z) %prunc * —7elim = —7elim ° H;run(: ) that iS, *>prunc 0n€'5tep pOStpO’I’LES OVET —7¢lim -

(i3) —ap € 2 3im—

*
elim prune ?

that is, —prune POStPONES OVET —rclim N %il rewrite sequences.

D

(111) —prune Steps preserve and reflect —eiim normal forms.

(1) —prune Steps preserve and reflect the properties co(-) and —oo(-).

Proof (Idea). Statement (ii) can be shown from statement (i) by induction on the number of
—relim Steps in given —., rewrite sequences. Statements (i), (iii), and (iv) are again (similar
to the second elementary diagram in Fig. 3 for Lem. 3.2) quite direct consequences of the fact
that transitions to deadlock states that are removed in —,une steps cannot be part of infinite
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traces like in the cyclic parts of loop subgraphs. In particular, a —.une step does not affect
the cyclic part of any loop subgraph, nor can it lead to the creation of a new loop subgraph.
Therefore every step G1 —reiim Go after a step Go —prune G1 gives rise to a step Gy —relim G
already from Gy such that G} =, Ga. O

Corollary (= Cor. 4.1). For finite process graphs G the following statements are equivalent:

(i) LEE(G), that is, there is an —cim normal form of G without an infinite trace.
(i) The (by Cor. 3.5) unique —, normal form of G does not enable an infinite trace.

(iii) Every —cim normal form of G does not enable an infinite trace.

Proof. For showing (i) = (ii), we assume (i), and let Gy be the —, normal form of a graph G.
We have to show —00(Gp). Due to postponement of —p yne OVer —ciin, steps (by Lem. A.6,
(ii)) there is a graph G’ such that G —%, G’ —brine G0 7repe Since —prune steps reflect —cjin,
normal forms (by Lem. A.6, (iii)), also G’ is an —¢ji;, normal form. Then (i) yields —oo(G).
Finally, since —,,une steps also preserve —oo(:) (by Lem. A.6, (iv)), —0o(Gy) follows.

For showing (ii) = (iii), we assume that the unique —, normal form Gy of G satisfies
—00(Gp), and we let G’ be an arbitrary —j;,, normal from G. We have to show —00(G’) Then
we find an —j;,, fork of the form </, G" <%, G =%, Go /., Due to confluence of —,
(by Thm. 3.3), and Gy is an —, normal from, the fork must be joined by the —., sequence
G’ —%, Go. This sequence, however, can only consist of —,;une steps, because G’ is an —elim
normal form and —ejiy, normal forms are preserved along —prune steps (by Lem. A.6, (iii)).
Thus we have G' =7, Go and —00(Go). From this —00(Gy) follows from Lem. A.6, (iv).

The implication (iii) = (i) follows from termination of —j;;, on finite graphs, see Lem. 2.7.

O

Theorem (= Thm. 4.2). For finite graphs, LEE is decidable in PTIME with the graph size as
mput size.

Proof. In order to decide LEE(G) for a finite graph G it suffices to compute an arbitrary —cjim
normal form Gy of G, and check whether Gg enables an infinite trace: if —0o(Gp) holds, then
LEE(G) follows by definition; if co(Gp) holds, then —~LEE(G) follows, because LEE(G) would
imply —oo(Gy) by Cor. 4.1, (i) = (iii). It is not necessary to check all —j;;, normal forms of G.

For every vertex v and every transition ¢ of a graph G, it can be determined in time O(|G|)
whether Gﬂ’{t} is a loop, by adapting Tarjan’s depth-first search algorithm [8] for determining
scc’s. It follows that checking whether G is an —ji;,, normal form, or finding an — i, step
and performing it can be done in O(|G |2) time. Since — .y, steps decrease the graph size by at
least 1, — i, normal forms of G can be constructed in O(|G |3) time. Checking whether a normal
form graph has an infinite trace is again computable in linear time by using a DF'S. — This very
rough estimate shows that LEE(G) can be computed in time O(|G|%), i.e. LEE € PTIME. [

For the definition of layered loop elimination, we extend the concept of graphs to that of
‘vertex-marked graphs’ in which the marked vertices are recorded in a separate set. On such
vertex-marked graphs we define ‘layered loop elimination’ steps —eiim via keeping track of
vertices in the loop bodies of eliminated loops by marking them (note that start vertices of
eliminated loops are not marked), and then by permitting the elimination of loop subcharts
only at unmarked vertices (and disallowing eliminations at marked vertices). Then layered LEE
(LLEE) is defined by using the elimination relation 5 tim on marked graphs instead of — .,
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Definition A.7 (marked graphs). A (vertex-)marked graph is a tuple °G = (V,*V, A, vs, —, ||)
such that the unmarking |°G|, = (V, A, vs, —,{}) of °G is a graph, and °V C V is a subset of
marked vertices. For such a marked graph °G and a subset W C V of its vertices we define by
mk(*G, W) :=(V,*V U W, A, vs, —,{}) the result of marking also the vertices in W in °G.

For every graph G = (V, A, v, —, ) we define its (trivial) marking by °G = (V, @, A, vs, —, {}).

The operations of decoupling dcpl of sets of transitions (by dropping them), and garbage
collection gc (by removing unreachable vertices and transitions) are extended to marked graphs
in the obvious way. For marked graphs °G the statement oco(°G) that °G enables an infinite
trace is defined as the statement co(|°G|,) that the unmarking of °G enables an infinite trace.

Definition A.8. We define layered loop elimination steps 2 lim between marked graphs °G
and °G’ as follows:

G S °G = Fv e V\*VIT C (v—=)[ G147 is a loop
(where °G' = (V,*V, A, v, =, |})) A G’ = ge(depl(mk(°G, V(G {v}), T)) ] -

Definition (= Def. 2.6 (LLEE)). We say that a process graph G satisfies the layered loop
existence and elimination property LLEE, denoted by LLEE(G), if G has an 2 i normal
form graph that does not enable an infinite trace. More formally, we stipulate:

LLEE(G) L E"G()( ( °G ;* .G() %clim) A ﬁOO(.G())) .

elim

For showing that LLEE coincides with LEE we need a technical lemma that states that %e“m
steps project to —eiim Steps via unmarking projection ||, and also that — e}y, rewrite sequences
on graphs ‘lift’ (in opposite direction of the unmarking projection) to 2 ol TEWTitE sequences
on marked graphs modulo the —.une step convergence <—>;mnc. The technically crucial part
hereby is statement (4). It asserts that, after an arbitrary 2 elim TEWTItE sequence °G 25 elim *G1
from the trivial marking °G of a not marked graph G, every —eiim step |G1|, —elim G from
the unmarking |G|, of G; can be lifted, also if it is not itself the unmarking projection of a
2 lim step from Gi, to a uiin, step |G1], 2 elim °GY from |Gy], such that |°GY|, <> Gl

prune

Lemma A.9. For all graphs G, G’, and G, and for all marked graphs °Gy and °G' the
following statements hold:

00(*G) = oo(|°Gl.), (1)
.Gl i>olim .Gll — |.G1|O —7elim |.G/1‘oa (2)
Gi i G = °Gil, —hi G, (3)

elim elim

.G'l i> . -G//
o O % ° LYald elim 1 ° ,
G = im G1 = [3 (€ [ 1" = /} <~ |G|, —elim Gl} (4)
o A |.G1 |o _>:;runc : <_;runc *$elim Gl ° ’
o
E.Gl [OG —elim .Gl A |.G1|o <_>]>';rune Gl] — G _>:]im Gl ’ (5)

o, O x o ° - o .G ) —elim
G =i, 'G1 = [Gl 1S @ —elim normal form < %G1l is an —a } (6)
’ normal form
Proof. Statement (1) is a consequence of the fact that traces from a marked graph °G project,
via unmarking || of sources and targets of steps, to traces from the unmarking |°G|, of °G.
Statement (2) can be understood as the obvious fact that every layered elimination step
(o) . . . .
—elim Projects to an elimination step —jin, on the unmarked source and target graphs. Then
statement (3) follows from statement (2) by induction on the length of the 2 elim TEWTite
sequence on the left-hand side.
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We sketch the proof of statement (4) as follows. Suppose that we have given a layered
loop elimination rewrite sequence °G . °G1 from the trivial marking °G of a (not marked)
graph G. Let us further assume that we have given a step |°G1|, —eiim G} that eliminates
a loop LG = (|°G1|,)%" such that v is a marked vertex in *G;. (If v is not marked, then
this —cjim step directly corresponds to a 2 elim step on °G;.) Since LG is a loop subchart,
there is a non-empty, cyclic trace 7 from v to v, of which we may assume that it does not
visit v in between. The cyclic trace 7 is also a trace in °G;, which there starts in the marked
vertex v. Now it cannot be the case that all vertices on 7 in °G; are marked: this is because
otherwise all of the vertices on 7 are in the body of some loop subchart that has been eliminated
before. But no infinite trace is possible strictly within the body of a loop subchart without
visiting the appertaining loop vertex. We conclude that there must be a vertex on 7 that is
not marked in °G;. We pick the first not marked vertex on 7, and denote it by vg. Then one
can show that all infinite traces from v have to pass through vy, and moreover that LG is a
bi-loop with respect to v,vg. Consequently also LGy := (|°G1|, )fo’@OH) is a loop subgraph of
|°G1],, and one that differs from LG only with respect to its new start VerteX vg9. Now since
vy is unmarked in 'Gl, there is also a layered loop elimination step °G| —cjim °GY from °Gy
that eliminates °G1 ]3>’ {vo=) , and projects to an —elim step |°G1|, —reim |°GY|, that eliminates
LGy. Analogously to case (ui) in Lem. 3.1 concerning the joining of —.;,, forks that in loop
subcharts that overlap within a bi-loop, now the — )i, fork:

|.G/1/|o <elim ‘.Gl‘o —elim Gll

can be joined as follows:

|.G/1/|o _>;runc : %;runc : olun G,
(This form underlies the left-right unified form in Lem. 3.1, (iii).) This joined fork shows the
conclusion of the implication “<” in (4).

Statement (5) follows from statement (6) by induction on the length of the — ¢, rewrite
sequence on the right-hand side. In that proof also postponement of —.une Steps over —ciim
steps, see Lem. A.6, (i), and confluence of —p, see Thm. 3.3, are used.

Statement (6), which states that i>e“m normal forms °G'y correspond to — )i, normal forms
|°G1|, under the unmarking projection |-|, provided that °G; results by a 2 ol normal form
from an initially unmarked graph, follows directly from (2) (the projection of Z5eim steps to
—elim steps), and (4) (lifting of — i, steps to 25 lim steps modulo +5* O

pr IIIIC)

Theorem (= Thm. 4.4). LLEE coincides with LEE.

Proof. Let G = (V, A, vs, —, ) be a graph.

For showing LLEE(G) = LEE(G), we assume that LLEE(G) holds. This means that there
is a marked graph °G( such that °G gohm *Go 7o and —00(*Gp) hold. Then it follows
from Lem. A.9, (3), that G = |°G|, =%, |°Gol,, and by Lem. A.9, (6), that |*Go|, 7 clim -

Furthermore —00(°Gy) implies —00(|*Go|,) by Lem. A.9, (1). In this way we have demonstrated
G =i 1°Gol, 7 etim and —00(]°Gpl,). Thus we can conclude that LEE(G) holds.

For showing LEE(G) = LLEE(G), we assume that LEE(G) holds. Then there is a graph Gg
such that G =7, Go #aim and —00(Go) holds By statement (5) in Lem. A.9 it follows that
there is a marked graph °G such that °G' =7, °*Gq and |*Go|, < prune Go. Then —00(Go)
and Go <5 |*Gol, entail —o0o(|°Go|,) by Lem. A.6, (iv), and furthermore —oo(*Gy) by
(1) in Lem. A.9. Since —>prune steps preserve and reflect — ), normal forms by Lem. A.6,
(i), it follows from [*Gol, <%, Go 7¢>Fhm that also |°Go|, is an —ejiy normal form. Then
(6) 1n Lem. A.9 entails that °Gy is a o, normal form. In this way have found that
°G 5 *Go i and —00(*Go) holds. This shows that LLEE(G) holds. O
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